Multidimensional noncommutative Laplace transforms over octonions are studied. Theorems about direct and inverse transforms and other properties of the Laplace transforms over the Cayley-Dickson algebras are proved. Applications to partial differential equations including that of elliptic, parabolic and hyperbolic type are investigated. Moreover, partial differential equations of higher order with real and complex coefficients and with variable coefficients with or without boundary conditions are considered.
Introduction
The Laplace transform over the complex field is already classical and plays very important role in mathematics including complex analysis and differential equations [1] [2] [3] . The classical Laplace transform is used frequently for ordinary differential equations and also for partial differential equations sufficiently simple to be resolved, for example, of two variables. But it meets substantial difficulties or does not work for general partial differential equations even with constant coefficients especially for that of hyperbolic type.
To overcome these drawbacks of the classical Laplace transform in the present paper more general noncommutative multiparameter transforms over Cayley-Dickson algebras are investigated. In the preceding paper a noncommutative analog of the classical Laplace transform over the Cayley-Dickson algebras was defined and investigated [4] . This paper is devoted to its generalizations for several real parameters and also variables in the Cayley-Dickson algebras. For this the preceding results of the author on holomorphic, that is (super) differentiable functions, and meromorphic functions of the Cayley-Dickson numbers are used [5, 6] . The super-differentiability of functions of Cayley-Dickson variables is stronger than the Fréchet's differentiability. In those works also a noncommutative line integration was investigated.
We remind that quaternions and operations over them had been first defined and investigated by W. R. Hamilton in 1843 [7] . Several years later on Cayley and Dickson had introduced generalizations of quaternions known now as the Cayley-Dickson algebras [8] [9] [10] [11] . These algebras, especially quaternions and octonions, have found applications in physics. They were used by Maxwell, Yang and Mills while derivation of their equations, which they then have rewritten in the real form because of the insufficient development of mathematical analysis over such algebras in their time [12] [13] [14] . This is important, because noncommutative gauge fields are widely used in theoretical physics [15] .
Each Cayley-Dickson algebra r A over the real field A C coincides with the field of complex numbers, 2 = A H is the skew field of quaternions, 3 A is the algebra of octonions, 4 A is the algebra of sedenions. This means that a sequence of embeddings , , r i i   apart from one in the field of complex numbers such that the imaginary space in r A has the dimension 2 1 r  . Theorems about properties of images and originals in conjunction with the operations of linear combinations, differentiation, integration, shift and homothety are proved. An extension of the noncommutative multiparameter transforms for generalized functions is given. Formulas for noncommutative transforms of products and convolutions of functions are deduced.
Thus this solves the problem of non-commutative mathematical analysis to develop the multiparameter Laplace transform over the Cayley-Dickson algebras. Moreover, an application of the noncommutative integral transforms for solutions of partial differential equations is described. It can serve as an effective means (tool) to solve partial differential equations with real or complex coefficients with or without boundary conditions and their systems of different types (see also [16] ). An algorithm is described which permits to write fundamental solutions and functions of Green's type. A moving boundary problem and partial differential equations with discontinuous coefficients are also studied with the use of the noncommutative transform.
Frequently, references within the same subsection are given without number of the subsection, apart from references when subsection are different.
All results of this paper are obtained for the first time.
Multidimensional Noncommutative Integral Transforms

Definitions Transforms in A r Cartesian Coordinates
Denote by r A the Cayley-Dickson algebra, 0 r  , which may be, in particular, u p t  given by 1 (8,8.1) or (1,2,2.1) are used, if another form (3) is not specified.
Transforms in
If for  
, ;
u p t  concrete formulas are not mentioned, it will be undermined, that the function   , ;
u p t  is given in r A spherical coordinates by Expressions 1,2,2.1). If in Formulas 1 (7) or (4) the integral is not by all, but only by (1) ( ) , , 
 if something other is not specified.
Remark
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where a function f is decomposed in the form [6] . While an integral, produced from the integral (1) differentiating by p converges also uniformly:
in accordance with Proposition 3.2 [6] . In view of Equations 2(5,6):
In view of convergence of integrals given above (1) (2) (3) (4) (5) (6) , , A Hausdorff topological space X is said to be nconnected for 0 n  if each continuous map :
from the k -dimensional real unit sphere into X has a continuous extension over [17] Then at each point t, where   f t satisfies the Hölder condition the equality is accomplished : 
Re p a a  and this integral is understood in the sense of the principal value,
Proof. In Integral (1) an integrand   p dp  certainly corresponds to the iterated integral as
. Using Decomposition 3(3.1) of a function f it is sufficient to consider the inverse transformation of the real valued function j f , which we denote for simplicity by f . We put 
 
Int U of the domain U there is accomplished the equality 
for each real numbers , , ,     and a purely imaginary Cayley-Dickson number M . The octonion algebra O is alternative, while the real field R is the center of the Cayley-Dickson algebra r A . We consider the integral
for each positive value of the parameter 0 < < b  . With the help of generators of the Cayley-Dickson algebra r A and the Fubini Theorem for real valued components of the function the integral can be written in the form: 
The latter identity can be applied to either
   
. We take the limit of   b g t when b tends to the infinity. Evidently, , , , ; = 
u p   described in 1 (8,8.1) . Then the integral operator
(see also Formula (4) above) applied to the function
, , , , , exp , , , ; exp , , , ; with the help of Formulas (6-10) and 3(1,2) we get the following:
Re f f for each q and in (11) the function = q f f stands for some marked q in accordance with Decompositions 3(3,3.1) and the beginning of this proof.
Mention, that the algebra . On the other hand,
. We use decompositions (7-10) and take 2 = k l due to Formula (11), where Re stands on the right side of the equality, since
Thus the repeated application of this procedure by = 1, 2, , j n  leads to Formula (1) of this theorem.
Corollary
If the conditions of Theorem 6 are satisfied, then 
hence taking the limit with b tending to the infinity implies, that the non-commutative iterated (multiple) integral in Formula 6(1) reduces to the principal value of the usual integral by real variables  
Theorem
An original   
Suppose that a function
is the image of the function,
.
Thus the proof reduces to the consideration of
. An integration by dp in the iterated integral (4) 
u p t  given by 1(8, we have
For any locally z-analytic function   g z in a domain U satisfying conditions of § 5 the homotopy theo-rem for a non-commutative line integral over r A , 2 r  , is satisfied (see [5, 6] ). In particular if U contains the straight line A leading to the additivity of the considered integral operator in Formula (4) .
Corollary
Let the conditions of Theorem 8 be satisfied, then
In accordance with § § 6 and 6.1 each noncommutative integral given by the left algorithm reduces to the principal value of the usual integral by the corresponding real variable:
Thus Formula 8(4) with the noncommutative iterated (multiple) integral reduces to Formula 8.1(1) with the principal value of the usual integral by real variables   1 , , n p p  .
Note
In Theorem 8 Conditions (1,2) can be replaced on Subsequent properties of quaternion, octonion and general r A multiparameter non-commutative analogs of the Laplace transform are considered below. We denote by:
2) 
Proposition
If images 
Proof. Since the transforms
We have A . The quaternion skew field H is associative. Thus, under the imposed conditions the constants ,   can be carried out outside integrals.
Theorem
Then changing of these variables implies:
due to the fact that the real filed R is the center Z(A r ) of the Cayley-Dickson algebra r A . , ; ; = , , ; ; ;
, ; ; = , , ; ; ;
Formulas 30(6,7) [4] we have the equality in the r A spherical coordinates:
s and k s are real independent variables for each k j  , where 
and any real number x R  , where 1 j  . Then in accordance with Formula (3.2) we have: 
, where A and B are two real constants, then
Therefore, the integration by parts gives 
in the r A spherical coordinates, or
This gives Formula (1), where
is the non-commutative transform by
 in real variables are also frequently used in the class of infinite differentiable functions with converging Taylor series expansion in the corresponding domain.
It is possible to use also the following convention. One can put 
Let   
. = , ; ; , ; ; , ; ;
Thus it is possible to differentiate under the sign of the integral:
2)
Due to Formulas 12(3,3.2) we get: 
A Cartesian coordinates. Thus from Formulas (2,3) we deduce Formula (1). 
If   f t is a function-original, then 1)          , ; ; = , ; ; , n n F f t u p F f t u p p       for either i)     0 1 0 , ; = , ; u p t p s M p t      or ii)    , ; = , u p t p t    over r A with 2 < r   in a domain
Note
In view of the definition of the non-commutative transform n F and   
converges. Applying Decomposition 14(4) we deduce Formula (1).
Theorem
Let a function   
and the center of the algebra r A is R . 
in the r A Cartesian coordinates, where 0 p  inside the same angle.
Proof. In accordance with Theorem 12 the equality follows:
, ; ; = , , ; , ; , ; ; = , , ; , ;
1, ,1 , , ; ; ; 
We apply these Formulas (3,4) by induction = 1, , 
for each 1 j n   . Therefore, the limit exists:
from which the second statement of this theorem follows in the r A spherical coordinates and analogously in the r A Cartesian coordinates using Formula (3.1).
Definitions
Let X and Y be two R linear normed spaces which are also left and right r A modules, where 1 r  . Let 
We consider a space of test function 
. , , = . , ,
,  is an element of the sym- 
 
t supp g  the functional g is different from zero. The addition of generalized functions , g h is given by the formula:
The multiplication ' g D  on an infinite differentiable function w is given by the equality: 
Another In particular we can take 
where in each term
 by Condition (4), while the sum in (6) is by all admissible vectors
Note and Examples
Evidently the transform 
since it is possible to take , ; ; = exp ,0; 
Theorem
given by 2(1,2, 2.1), or
, ; ; = , ; ; 
F f t t t u p p pS p p S p p S F f t u p
is satisfied in the r A spherical coordinates, since the absolute value of the Jacobian   
we deduce Expressions (1) and (1.1) with the help of Statement 6 from § XVII.2.3 [19] about the differentiation of an improper integral by a parameter and § 2.
Remarks
For the entire Euclidean space 
Theorem
Let   , ; ; = , ; ; , ; ; 
t t u p t t f t u p t f t u p t t t
. Then the Fubini's theorem implies: 
= e x p , ; d 
Theorem
If a function     n Q f t t  is original together with its derivative
for every 1 j n   . Analogously to § 12 we apply In accordance with Note 8 [4] 
A spherical coordinates and
A Cartesian coordinates, which gives the statement of this theorem. 
Theorem
Let the vector   l enumerate faces
(see also more detailed notations in § 28).
Let the shift operator be defined: , , ; ; ; = , ; ; (1) is zero.
Proof. In view of Theorem 23 we get the equality 2)
On the other hand, for p W  additives on the right of (2) convert with the help of Formula 23 (1) . Each term of the form
can be further transformed with the help of (2) by the considered variable k t only in the case = 0 k l . Applying Formula (2) by induction to partial derivatives 
Let     supp g t U   . Thus we get Equation (2).
Suppose that 
A spherical coordinates or 
, ; ; , 
Application of the Noncommutative Multiparameter Transform to Partial Differential Equations
Consider a partial differential equation of the form:
, the operator A can be rewritten in s coordinates as Particularly, the entire space n R may also be taken.
Under the linear mapping     
are given functions. Generally these conditions may be excessive, so one uses some of them or their linear combinations (see (5.1) below). Frequently, the boundary conditions The complex field has the natural realization by 2 2  real matrices so that 0 1
The quaternion skew field, as it is well-known, can be realized with the help of 2 2  complex matrices with the gene- 
are necessary for = < q   and q as above. Depending on coefficients of the operator A and the domain U some boundary conditions may be dropped, when the corresponding terms vanish in Formula (6). For example, if
is not necessary, only the boundary condition 
, ; ; ; , ; ; : (6) 
Example
We take the partial differential operator of the second order , ; ; = , ; ; , ; ; (6) , (14) above). This algorithm acts analogously to the Gauss' algorithm. Finally the last two or four indeterminates remain and they are found with the help of Formulas either (17) or (19) respectively. When for a marked h in (6) or (14) In view of (2-5) the Fourier transform of (14) gives:
15)
    
